In this paper, we introduced the generalized vector variational inequality-type problem and the generalized vector complementarity-type problem in the setting of topological vector space. By utilizing a modified version of the Fan-KKM theorem, we investigated the nonemptyness and compactness of solution sets of these problems without the demipseudomonotonicity assumption. Further, we prove that solution sets of both the problems are equivalent to each other under some suitable conditions. The results of this paper generalize and improve several results that appeared recently in the literature.
Introduction
As a useful and important branch of variational inequality theory, the vector variational inequality problem initially introduced and considered by Giannessi [1] , has been extensively studied in the last two decades because of its applications to vector optimization problems, vector complementarity problems, game theory, economics, etc; see for example [2] [3] [4] [5] 1, [6] [7] [8] [9] [10] [11] [12] [13] [14] and references therein. It is well known that the complementarity problems are closely related to variational inequality problems. Complementarity theory introduced by Lemke [12] , and Cottle and Dantzig [4] , has been extended and generalized in various directions to study a large class of problems arising in finance, optimization, mathematical and engineering sciences; see for example [3] [4] [5] 1, [6] [7] [8] [9] [10] [11] [12] [13] [14] .
There are many kinds of generalizations of monotonicity in the literature of recent years, such as pseudomonotonicity, quasi-monotonicity, etc. In 1999, Chen [2] introduced the concept of semimonotonicity for a single-valued mapping, which occurred in the study of nonlinear partial differential equations of divergence type. Motivated by Chen [2] , Zheng [14] introduced the concept of vector semi-monotone operator and investigated a class of vector variational inequality problems and obtained some existence results. Recently, vector complementarity problems and their relations with vector variational inequality problems have been investigated under pseudomonotone type conditions and positiveness type conditions; see for example [5, [7] [8] [9] 13] . In 2003, Fang and Huang [5] , introduced a class of demipseudomonotone mappings and considered the generalized vector variational inequality problems for a fixed cone and proved the existence of solutions of these problems under demipseudomonotonicity and hemicontinuity assumptions in the setting of reflexive Banach spaces. They have also provided applications of these problems to vector f -complementarity problems.
Inspired and motivated by the work of Chen [2] , Fang and Huang [5] and Zheng [14] , in this paper we introduced the generalized vector variational inequality-type problem and the generalized vector complementarity problem in the setting of topological vector space. Further, we investigate the nonemptyness and compactness of the solution set of the generalized vector variational inequality-type problem under P x -upper sign continuity in the setting of metrizable topological vector spaces but without the demipseudomonotonicity assumption. We use the modified version of the Fan-KKM theorem to extend and improve some results of Fang and Huang [5] . Furthermore we showed that solution sets of the generalized vector variational inequality-type problem and the generalized vector complementarity problem are equivalent to each other under suitable conditions.
Preliminaries
Throughout this paper unless otherwise stated, let X and Y be two topological vector spaces. Let K is a nonempty, convex subset of X . A nonempty subset P ⊂ Y is called convex and pointed cone, respectively if, satisfies following conditions:
(i) λP ⊂ P, for all λ > 0 and P + P ⊂ P; (ii) P ∩ (−P) = {0}. In addition if P = Y , then P is called proper cone.
Let P : K → 2 Y be a set-valued mapping such that for each x ∈ K , P(x) is a proper, solid, convex cone with int P(x) = ∅, where int P(x) denotes the interior of P(x). Let L(X , Y ) denote the space of all continuous linear mappings from X into Y and
We consider the following vector variational inequality-type problem:
Also we consider vector variational inequality Minty-type problem:
Now in this paper, we will pose the main problem of our study. We introduce and investigate the following generalized vector variational inequality-type problem:
The generalized vector variational inequality-type problem (GVVITP) includes many variational inequality problems as special cases. Here we give some examples.
Some special cases of (GVVITP)
which was considered and studied by Fang and Huang [5] ;
which was introduced and considered by Zheng [14] ;
is the dual space X * of X , then the (GVVITP) reduces to the following variational inequality problem of finding x ∈ K such that
which was introduced and investigated by Chen [2] . He obtained some existence results and discussed their applications in partial differential equations of divergence form.
Closely related to the generalized vector variational inequality-type problem (GVVITP), we also introduce the following generalized vector complementarity-type problem:
The main purpose and motivation of this paper is to establish the suitable conditions under which both the problems (GVVITP) and (GVCTP) have same solution sets.
Some special cases of (GVCTP)
which was introduced and studied by Fang and Huang [5] ;
∀x ∈ K and f ≡ 0, then (GVCTP) reduces to the weak vector complementarity problem (WVCP), which consists of finding x ∈ K such that
which was studied by Huang et al. [9] ;
(ii) If P(x) = P for all x ∈ X , where P is a closed, convex, solid and pointed cone in Y , then weak vector complementarity problem (WVCP) collapses to the complementary problem (CP), studied by Chen and Yang [3] . Now, we recall the following concepts and results which are needed in the sequel. Throughout the paper, unless otherwise specified, let P − = x∈K P(x) is a proper, closed, solid and convex cone in Y .
is said to be hemicontinuous, if for any x, y ∈ K , the mapping t → Tx + t(y − x), y − x is continuous at 0
is said to be pseudomonotone with respect to f , if for any x, y ∈ K
we have y ≥ x. It follows that
Therefore, T is pseudomonotone with respect to f .
is said to be P x -upper sign continuous with respect to f , if for any x, y ∈ K and t ∈]0, 1[
Remark 2.1. For f ≡ 0, it is easy to see that the hemicontinuity of T implies P x -upper sign continuity of
is not hemicontinuous. In this case, the concept of P x -upper sign continuity reduces to upper sign continuity introduced by Hadjisavvas [15] .
Definition 2.5 ([16]
). Let K be a nonempty subset of a topological space X . A set-valued mapping Γ : K → 2 K is said to be transfer closed-valued on K , if for all x ∈ K , y ∈ Γ (x) implies that there exists a point x ∈ K such that y ∈ cl K Γ (x ), where cl K (x) denotes the closure of Γ (x) ∈ K . It is clear that this definition is equivalent to:
Definition 2.6. Let X and Y be two topological vector spaces. A set-valued mapping T : X → 2 Y is said to be:
there is an open set U containing x such that for all t ∈ U, T (t) ⊂ V and T is said to be upper semi-continuous on X , if it is upper semi-continuous at every point
Y is closed and compact, then it is upper semi-continuous on X . 
Existence results for (GVVITP) and (GVCTP)
Throughout this section, let X and Y are topological vector spaces and K ⊂ X be a nonempty convex subset of X . Let P : K → 2 Y be a set-valued mapping such that for each x ∈ K , P(x) is a proper, closed, convex cone with int P(x) = ∅.
In order to establish existence results for a solution of (VVITP), we prove following lemma. 
Proof. (VVITP) ⇒ (VVIMTP)
. The result directly follows from pseudomonotonicity with respect to f . Now, (VVIMTP) ⇒ (VVITP). For any given y ∈ K , we know that y t = ty + (1 − t)x ∈ K , ∀t ∈ (0, 1), as K is convex. Since x ∈ K is a solution of problem (VVIMTP), so for each x ∈ K , it follows that
∈ −int P(x). Since Y \ {−int P(x)} is closed, therefore for t > 0, we have
From P x -upper sign continuity of T with respect to f , we get
Therefore, x ∈ K is solution problem (VVITP). This completes the proof. Now with the help of above lemma, we establish an existence result for (VVITP).
Theorem 3.1. Let K ⊂ X be a nonempty and convex subset of X . Let T : K → L(X , Y ) is P x -upper sign continuous and pseudomonotone mapping with respect to f and f : K × K → Y be P − -convex in first argument. Suppose following conditions
hold:
Then (VVITP) has nonempty and compact solution.
Proof. Define a set-valued mapping Γ : K → 2 K as follows:
We claim that Γ is a KKM mapping. If this is not true, then there exist a finite set {y 1 , . . . , y n } ⊂ K and
Since T is pseudomonotone with respect to f , we have
∈ −int P(z), which leads a contradiction to our assumption that P(z) = Y . Thus our claim is verified. So Γ is a KKM mapping. which implies that the solution set of (VVIMTP) is nonempty. Moreover, since T is P x -upper sign continuous with respect to f and f (., y) is P − -convex, by using Lemma 3.1, we get
This and conditions (i) and (ii) imply that the solution set of (VVITP) is nonempty and compact set of B. This completes the proof.
Then, f is P − -convex and T is pseudomonotone and P x -upper sign continuous with respect to f and
It is easy to see that the set
is closed and so the mapping
is transfer closed valued on K . Since K is compact, condition (ii) of Theorem 3.1 trivially holds. Therefore, T satisfies all the assumptions of Theorem 3.1 and so the solution set of (VVITP) is nonempty and compact.
It is clear that only x = 0 satisfies the following relation
Similarly, only x = 0 satisfies the following relation
Hence the solution sets of (VVITP) and (VVIMTP) are equal to the singleton set {0}. Now we establish the following existence result for a solution of (GVVITP) under pseudomonotonicity and P x -upper sign continuity with respect to f without the demipseudomonotonicity assumption. This theorem generalizes and improves Theorem 3.1 in [5] . 
Proof. Let M be a finite dimensional subspace of X and K M = K M = ∅. For each fixed v ∈ K , we consider the following generalized vector variational inequality-type problem:
By Theorem 2.1, above problem has compact solution set.
Define a set-valued mapping T : K M → 2 K M as follows:
Now we shall use the fixed point theorem to verify the existence of solution of problem in a finite dimensional. Since M is of finite dimensional, hence K M is compact. First, we claim that
Thus for 0 < λ < 1,
Since f is P − -convex, we have
Combining last two inclusions, we have
Thus w t ∈ T (v) i.e., T (v) is convex and our claim is then verified. Now, we claim that Proof. The conclusion follows directly from Theorems 3.1-3.3.
